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The influence of a nonconstant magnetic-field gradient on the
performance of pulsed-field-gradient NMR diffusion experiments
was investigated by performing Brownian-dynamics simulations
for two different coil designs using two different active sample
volumes for each coil. The active sample volumes were chosen in
order to represent different degrees of deviation from a perfectly
constant magnetic-field gradient. The results show that one can
actually tolerate a rather large deviation from a perfectly constant
magnetic-field gradient and still obtain accurate values of the self-
diffusion coefficients. The dependence of A (the observation time)
and the dependence of D (the self-diffusion coefficient) while keep-
ing D and A constant, respectively, were also investigated for
three of the active sample volumes. The simulations show that the
effects due to a nonconstant field gradient depend only slightly
on the values of A and D. In conclusion, the Brownian-dynamics
computer simulations procedure is a quantitative way of investi-
gating the performance characteristics of a gradient coil of a cer-
tain design before it is built.  © 1997 Academic Press

INTRODUCTION

The determination of self-diffusion coefficients by means
of the pulsed-field-gradient (PFG) method is a versatile ex-
periment (1-3). In particular, it has been very useful in the
field of solution structure of complex fluid systems such as
micellar and microemulsion solutions (4, 5) and cubic liquid-
crystalline phases (6, 7). Quite recently, it has also been used
to probe structures in porous systems in a fashion similar to
scattering experiments (8, 9). Characterization of emulsions
(10), e.g., with respect to their droplet size distribution (11—
14), is yet another application.

When measuring self-diffusion with the PFG method, one
uses essentially a standard NMR probe to which a magnetic-
field-gradient coil is added, producing a varying magnetic
field (the variation should be linear) superimposed on the
main field (B,) of the magnet. The gradient coil that induces
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the magnetic-field gradient over the active sample volume
(the active sample volume istaken to be the volume enclosed
by the RF coil) may vary in design due to factors such as
available space, required direction of the gradient (i.e., z, X,
or y), and desired strength of the gradient. The anti-Helm-
holtz coil (15, 16) (also caled the Maxwell pair) and the
quadrupole coil (17—-19) are two common coil configurations
used today. There are also other types of configurations re-
ported in the literature (20—22). The quadrupole coil has
some definite advantages over other configurations. It gives
field-gradient uniformity over large sample volumes and has
lower inductance. The latter property is important for better
performance in high-gradient PFG experiments, since it
allows for rapid rise and fall times of the gradient pulses.

However, the quadrupole coil is not a suitable choice
when using superconducting magnets. The reasons for this
fact is that the direction of the main field is such that the
gradient coil must be placed perpendicular to the main field,
which is impractical. Therefore the anti-Helmholtz coil is a
preferable choice of coil configuration in superconducting
magnets.

It iswell known (23, 24) that a large pulsed gradient pro-
duces field disturbances which may persist long after the
gradient is switched off. The most effective way of circum-
venting this problem is to actively shield (25—27) the main
gradient coil so that the far field will be reduced and gradient
shape distortions from eddy currents and other induction-
related effects will be diminished. When the gradient cail is
shielded, the gradient strength is decreased and the gradient
uniformity is often deteriorated over the active sample vol-
ume (28). Another obvious way of reducing the far field is
to place the main gradient coil as close as possible to the
sample. Such an arrangement will also increase the gradient
strength over the active sample volume, which is favorable
when measuring slow diffusion, e.g., high-molecular-weight
polymer diffusion. By moving the main gradient coil closer
to the sample, the gradient uniformity over the active sample
volume also deteriorates. The question is then how these
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deviations from a perfectly constant magnetic-field gradient,
which is assumed in the theory relating the echo intensities
to the diffusion coefficient, influence the diffusion experi-
ments in practice.

In this paper, we address this question by employing
Brownian-dynamics computer simulations. In the investiga-
tions we have used two different gradient coil designs. The
first oneisagradient coil of our own design optimized over
an active sample volume withr = 5 mm and z = =10 mm
and the second one is a gradient coil design taken from the
literature (29) optimized over an active sample volume with
r=4mmandz= +4 mm (see Table 1). For each gradient
coil, we have performed simulations for two different active
sample volumes, to represent different degrees of deviation.

The disposition of this paper is as follows. First, we give
a short theoretical background and some comments concern-
ing the computational details. Subsequently, we discuss the
numerical simulation method used. We then present the re-
sults from the Browian-dynamics computer simulations. Fi-
nally, results from the outcome of a‘‘practical’’ experiment
for each coil design and one active sample volume are given.
Some comments on the results will also be presented.

THEORETICAL AND COMPUTATIONAL
CONSIDERATIONS

Introduction. The simplest version of a PFG NMR ex-
periment (30) is based on the pulse sequence shown in Fig.
1. For the case of free diffusion, the echo decay is given by

E(, A, g, 7) = Eoexp[—729262<A - %)D} . [1

where E(6, A, g, 7) and E, are the echo intensities at time
27 in the presence of gradient pulses of strength g and in
the absence of any gradient pulses, respectively. The time
between the 90° and 180° pulsesis 7, vy is the gyromagnetic
ratio, 6 isthe length of the gradient pulses, A isthe distance
between the leading edges of the gradient pulses, and D is
the self-diffusion coefficient. The experiment is usually car-
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FIG. 1. The basic Stejskal—Tanner pulsed-field-gradient experiment
(30). The symbols are interpreted as follows: 6 is the length of the gradient
pulse, A is the distance between the leading edges of the gradient pulses,
and g is the gradient strength.
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FIG. 2. Schematic picture over the active sample volume. The shaded
area represents the area over which the calculations are performed. The
coordinates used in Eqgs. [2]—[4] are dso illustrated.

ried out under conditions of constant ~, which means that
the relaxation term [E, = E,_oexp(—27/T,), where T, is the
transverse (spin—spin) relaxation time] is constant and can
be omitted. In what follows we will assume that such is the
case, and normalize all the intensities by assuming that the
term E, is equal to one, and it is understood that the echo
intensity is always estimated at 2r. In the presentation of
the data, we will make use of the variable k, defined ask =
v%6*(A — 6/3). Throughout, we will use the value of y for
protons (viz. 26.7520 x 10" rad T 's™).

Magnetic-field and gradient calculations. In the PFG
experiment, it is assumed that the magnetic-field gradient
(g) is constant over the active sample volume. In reality,
this is not the situation, especially when the gradient coil is
of the anti-Helmholtz type used in a superconducting magnet
(see discussion above).

By knowing the positions of the current loops for the
gradient coil, one can calculate the magnetic field [B,(r, 2)]
and gradient [dB/(r, 2)/dZ] to obtain their spatial variation.
The magnetic field and its gradient at the coordinates (r, 2)
arising from a current loop at (ro, ;) (see Fig. 2) are given
by (31)

ol 1
2 [(r + 1)) + (2 — 21"

re—r’—(z- 2z’
s e ko] 2

B,(r, 2 =

dB,(r, 2 _  polm¥(z — %)

dz 167rl’5/2\/r70
o [Zm —m? + (—m? + m — 1)(r/ro) E(m)
1 - m?
0.5m — (1 — 0.5m)(r/ry)
- i mw} [3]
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where u, is the magnetic permeability for vacuum, | is the
current, and mis given by

4rr
m = .
(r + 1) + (2 — 2)?

(4]

K(m) and E(m) represent complete eliptic integrals of the
first and second kind, respectively (32). With these equa-
tions, and by assuming linear superposition, the magnetic
field and gradient are obtained by summing over all current
loops.

It isimpractical to use Egs. [2] and [4] in the sSimulations,
since the computation time of the magnetic-field strength
from these equations will be considerable. Therefore, B, was
represented by a polynomial according to

Bz(r, Z) = Pl + Pzr + sz + P4r2 + P522 + P6r3

+ P,Z% + Pgrz + Por?z + Pyt 2%, [5]

where r and z are the coordinates in space as defined in
Fig. 2, and P, are expansion coefficients. The current was
assumed to occur in the center of the wires as given by the
coordinates of the loops. Polynomial expansions of the ellip-
tic integrals in Egs. [2] and [3] were used (32). For reasons
of symmetry, the calculations were performed only over the
areathat is shown by Fig. 2, and between 66 and 81 calcula-
tion points were used for the four active sample volumes.
The accuracy of the fits of Eq. [5] to the points generated
by Egs. [2] and [4] isin general quite reasonable. Figure 3

B,/uT

AB, /uT

z / mm

r/ mm

FIG. 3. A typica fit of Eq. [5] to B, caculated according to Egs. [2]
and [4] (upper panel). Also shown are the differences between the fit and
the calculated values (lower panel). The calculations were performed for
the coil configuration A (see Table 1).
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TABLE 1
Coil Characteristics for the Two Coil Designs and the Four
Active Sample Volumes Investigated

Active sample volume

Mean gradient®
Cail Fmax (MM)° Zninmax (MM)° (mT m?Y Figure
A° 5 +10 36.09 4a
B¢ 25 +5 34.48 4b
(o 5 +10 33.33 4c
D¢ 4 +4 36.30 4d

@ Calculated over the active sample volume, using Egs. [3] and [4]. The
mean gradient was obtained from 40,401 calculation points.

P See Fig. 2.

¢ Coil design of our own.

9 Coil design by Gibbs et al. (29).

shows one typical B, field and the difference between the
polynomial representation and the ‘*exact’’ field is also in-
cluded. For reference, we have summarized the coil charac-
teristicsin Table 1 for each coil design and the four different
active volumes. Finally, we note that the sensitivity of the
signal detected depends on the position in the RF cail. In
what follows, we have ignored this fact and assume that
each volume element in the active sample volume con-
tributes equally to the signal.

Gradient surfaces. Figure 4 shows the four gradient sur-
faces evaluated from Egs. [3] and [4]. The results in the
contour plots are the relative deviations (100 X [(d — Gmean)/
Omean]) from the mean gradient over the active sample volume
(see Table 1). The largest deviation for the best case is
approximately 4% (D) and for the worst case, approximately
50% (C). Thelarge deviation in the second case is explained
by the fact that the coil is not optimized over such a large
active sample volume. Nevertheless, the result from C is
included for comparison.

COMPUTER SIMULATIONS

The use of Brownian-dynamics computer simulationsis a
simple way of investigating how deviations from a perfectly
constant gradient influence the attenuation of the signal. The
outcome of the simulations will be exact (for a given field-
gradient profile) and suffer only from statistical uncertainty.
However, by increasing the length of the simulation, one
may obtain data with any desired accuracy.

The algorithm for generating the motion of a single mole-
cule in the space® of the active sample volume is given by

1t should be remarked that in order to restrict the Brownian motion to
the configurational space only, the time step At must be larger than the
relaxation time of the velocity—time correlation function. For small mole-
cules such as water, the relaxation time is on the order of picoseconds and
since At used is on the order of milliseconds, the condition is well fulfilled.
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FIG. 4. Relative deviations (in %) from the mean gradient (see Table 1) over the active sample volume for case (a) A, (b) B, (c) C, and (d) D.

r(t + Ab) = r(t) + R(AY), 6]

where r(t) is the position of the molecule at time t, r(t +
At) is the position at a time interval At later, and R(At) is
a random displacement vector representing the result of the
collisions of the molecule with its surroundings during At
(33, 34). The components of R(At) were taken from a
Gaussian probability distribution function with the statistical
properties

(Ra(AY)) =0 [7]
(Ru(A) - Ry(Al)) = 2DALS, 5, 9]

where D is the self-diffusion coefficient of the molecule,
and 6, is the Kronecker delta symbol. The starting position
was randomly selected from a homogeneous density distri-
bution in the active volume.

The simulated phase shift ¢ of moleculei is, for the pulse
sequence in Fig. 1, given by

di[6, A, BAr, 2] = yBot + A, [9]

where the first term describes the Larmor precession due to
the main field of the magnet. This term is constant over the
active sample volume and can be omitted. The simulated
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phase shift A¢; caused by the diffusion of molecule i can
be written as

A6, A, B(r, 2)]

= 7“11+ B/ri(t), z(]dt — fl+ ) BJri(t), zi(t)]dt]

1 t1+A
t+o ty+A+S
~ 7[ Y BArijnzy) — > Bri Zi,j):|(At): [10]
j=t1 j=t1+A

where B,(r, 2) is described by Eq. [5] and t; is the time of
the application of the first gradient pulse (see Fig. 1). The
other quantities are given elsewhere. For a given set of sys-
tem parameters vy, BJ(r, 2), 6, and A, the distribution of
the phase shift P(A¢) was obtained by simulating N spin
trgjectories. Finally, the attenuation of the spin echo due to
the diffusion was calculated from

E[6, A, BAr, 2]

- [ Pagrosapaas) ~ £ 5 cosag), 11

1
N i=1
where all the symbols are defined above. An attenuation
curve corresponding to several 6 values was sampled for
each trgjectory.

The uncertainty of the simulated attenuation is given as
one standard deviation. It is estimated from the spread of
subbatches of the total nhumber of trgjectories according to

1

o*(E)) = e — 1) > (Ex — (B [12]

Np(Ny

where (E), is the attenuation from one subbatch consisting
of N/ny trgjectories, (E) isthe attenuation from the N trgjecto-
ries, and n, = 10 is the number of subbatches.

In order to verify the numerical procedure, simulations
were first carried out in the case of constant g. Figure 5
shows the simulated attenuation vs k. The simulated results
were obtained by using N = 10° trgjectories and a time
step At = 0.01 ms. The estimated standard deviation of the
attenuation according to Eq. [12] is in the range of 0.000 to
0.0015 with a mean of 0.0009. Also shown in Fig. 5 is afit
of Eqg. [1] to the simulated data, and the difference between
the smulated data and the fit for each k value. The difference
is a most 0.0005. Thus, this verifies the simulation proce-
dure and indicates that the error in the simulated attenuation
iswell within the estimated standard deviation. Theresiduals
are not randomly distributed since attenuations for all 6 val-
ueswere collected for each trgjectory (see discussion below).
If not stated otherwise, the same simulation parameters were
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FIG. 5. Attenuation (O) vsk [k = y?6*(A — 6/3)] from the simulation
of free diffusion with constant g. A nonlinear least-squares fit of Eq. [1]
to the data is included (—) as well as the residuals (O) between the
simulation and the fit. Parameters used: A = 140 ms, D = 2 X 10° m’s™,
andg=0.036Tm™

used, viz. N = 10° trajectories and a time step At of 0.01
ms, for all subsequent simulations. Under these conditions,
the CPU time required for a single simulation covering dif-
ferent 6 values was at most 12 hours on an IBM RS/6000
590 workstation.

RESULTS AND DISCUSSION

This section contains two parts. First, we will discuss the
results of the computer simulations. Then we present results
of a‘‘practical’” experiment, in which the common protocol
for determining self-diffusion coefficients in a real experi-
mental situation has been followed.

Smulations. InFig. 6 theresults of the computer simula-
tions for the four active sample volumes are shown. Results
from a nonlinear least-squares fit of Eg. [1] to the data,
where g and the physically irrelevant parameter E, (see Eq.
[1]) are optimized, are also included, as well as the residuals
between the fit and the simulated points. The residuals in
Fig. 6 are considerably larger (by a factor of 20 for the
“‘worst’’ case) than those in Fig. 5. The increased values of
the residuals are caused by the fact that we are now fitting
an equation which is strictly only valid for the case of a
constant field gradient to data where this is clearly not the
case. Thus, the difference in magnitude of the residuals be-
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FIG. 6. Attenuation (O) vs k [k = y?6%(A — 6/3)] from the simulations of free diffusion in the different active sample volumes: (a) A, (b) B, () C,
and (d) D. A nonlinear least-squares fit of Eq. [1] to the data is also included (—), where g (see Table 2) and the physically irrelevant parameter E,
(see Eq. [1]) are optimized. The residuals (O) are included as well. Parameters used: A = 140 ms, D = 2 x 107° m%™, and B, was given by Eq. [5].

tween Figs. 5 and 6 gives an indication of the error caused
by using Eq. [1] in the evaluation of data from a typical
gradient experiment in which the field gradient is not con-
stant. To further validate this statement we have performed
simulations for the case of a constant field gradient and for
C (see Table 1) using N = 10° trajectories. The residuals in

the fits of EqQ. [1] to these data are presented in Fig. 7. As
can be seen, the residuas for the case of a constant field
gradient are now reduced (over most of the k values investi-
gated), whileit remains essentially unchanged for the C case,
proving that the residuals in Fig. 6 are indeed caused by the
nonconstant field gradient.
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The results, i.e., the gradient strengths of the fits, are
compiled in Table 2. By comparing the obtained values of
g from the fits with the calculated mean gradient (see Table
1) for each active sample volume, it is clear that there is,
perhaps expected, a rather good agreement between the two
vaues. We aso note that, even when the magnetic field
deviates considerably from the linear case (see Figs. 4a and
4c), the deviations in the simulated echo amplitudes com-
pared to the linear case (see Figs. 6a and 6¢) are not very
pronounced.

For three of the active sample volumes (A, C, and D) we
have investigated the dependence of A, while keeping the
self-diffusion coefficient constant at D = 2 X 10°° m* s,
The fitted gradient strengths for different values of A are
given in Table 3, and there is only a small dependence on
the value of A.

TABLE 2
Results According to Fits of Eq. [1]
to the Simulated Data in Fig. 6

Caoil Oie (MT m™) Figure
A 35.92 6a
B 34.44 6b
C 33.32 6c
D 36.26 6d

Note. Parameters used; A = 140 ms, D = 2 X 10°° m? s™* (close to the
value of water at 25°C), and B, was given by Eq. [5].
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TABLE 3
Results According to Fits of Eq. [1] to Simulated Data,
for Different Values of A

Coil A (ms) Oie (MT m™)

A 70 35.96
140 35.92
280 35.95

C 70 33.36
140 33.32
280 33.30

D 70 36.34
140 36.26
280 36.27

Note. Parameters used: D = 2 X 107° m? s™* (close to the value of water
at 25°C) and B, was given by Eq. [5].

Moreover, we have investigated the influence of different
values of the self-diffusion coefficients, while keeping the
observation time constant at A = 140 ms. The corresponding
fitted gradient strengths are compiled in Table 4, and also
here the ssimulations show very little difference for different
self-diffusion coefficients.

““Practical’”’ experiment. When performing practica
self-diffusion experiments, one usually followsthe following
protocol. First, the gradient strength g is determined by per-
forming experiments on a substance for which the self-diffu-
sion coefficient is known [see discussion in (3)]. Substances
often used are water (35) or different hydrocarbons (36).
The gradient strength is then obtained by fitting Eq. [1] to
the echo amplitudes, accumulated by different durations (or
amplitudes) of the gradient pulses.

Subsequently, the PFG experiment is performed on the
sample with an unknown self-diffusion coefficient D, and the
value of D is obtained by using standard fitting procedures of

TABLE 4

Results According to Fits of Eq. [1] to Simulated Data,
for Different Values of D

Caoil D (m?s™) Ose (MT m™)
A 2x10°° 35.92
423 x 107 35.93
4 x 1071 35.92
C 2x10° 33.32
423 x 107 33.37
4 x 101 33.37
D 2x10°° 36.26
423 x 107 36.31
4 x 1071 36.31

Note. Parameters used: A = 140 ms and B, was given by Eq. [5].
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TABLE 5
Results According to the Simulation of a ‘“Practical” PFG
Determination of Self-Diffusion Coefficients, Where Eq. [1] Has
Been Fitted to the Simulated Data

Gradient calibration

Caoil D (M?s7) O (MT M™%
A 4.23 x 107 35.8
D 423 x 107%° 36.2

Determination of ‘‘unknown’’ self-diffusion coefficient

Coil Do (M? 574 Dy (M? s74)
A 4,00 x 107 403 x 1074
D 4.00 x 107% 4,02 x 107

Note. Random noise was added to the simulated data corresponding to
a 9N ratio of 200:1. Parameters used: A = 140 ms and B, was given
by Eg. [5]. The abbreviation ‘D'’ stands for the actua self-diffusion
coefficient.

Eq. [1] (for the case of Gaussian diffusion) to the experimen-
tal data, keeping the value of g constant and equal to the
value from the calibration experiment.

One difference between a numerical simulation and a
practical experiment is that the echo amplitudes obtained in
the practical experiment will suffer from noise. To take this
effect into account in the simulations, we have added noise
to the simulated echo amplitudes. In our case we have used
a SN ratio of 200:1, which is a reasonable number in a real
experiment.

In Table 5 the results of the procedure described above,
for each coil design and one active sample volume (A and
D), are presented. For the gradient calibration in each case,
we have used hexadecane (Cy¢Hs,) which has a self-diffusion
coefficient of 4.23 x 107 m? s™* at 25°C (36). The sample
with the ‘‘unknown’’ self-diffusion coefficient has a self-
diffusion coefficient of 4 x 107* m? s™*. To put this value
into context, it corresponds to the self-diffusion coefficient
of the surfactant in a 10 wt% aqueous solution of dodecyl
octaethylene glycol (Cy;Eg). The sdlf-diffusion coefficients
obtained for each coil design are in good agreement with
the actua self-diffusion coefficient. The differences between
the actual and the calculated values are within 1%. Please
note that one of the active sample volumes corresponds to
the “*worst’”’ case (A) of our own coil design.

To summarize this section, we note that the error intro-
duced by the nonlinearity of the magnetic field in typical
gradient coil systems introduces errors in the actually deter-
mined self-diffusion coefficients which are typicaly less
than 1%. Thisisaminor effect, which is most likely masked
by other sources of errors, such as temperature gradients,
eddy currents, and mismatching of the gradient pulses.

HAKANSSON ET AL.

CONCLUSIONS

In conclusion, we have demonstrated that deviations from
linearity in the magnetic field, as produced by the gradient
system, do not influence the outcome of a PFG experiment
to any significant extent. In fact, one can afford quite large
deviations from linearity, as compared to those commonly
found in experimental setups, without losing too much accu-
racy in the self-diffusion coefficient obtained. As a conse-
guence, it is recommended that the radius of the main gradi-
ent coil be decreased, although this produces a poorer linear-
ity of the magnetic field. The advantages are, however,
higher gradient strengths and a reduced far field. Large val-
ues of the far field may cause problems such as eddy cur-
rents, which deteriorate the quality of the experiments.

The Brownian-dynamics computer simulation procedure
presented here offers a quantitative way of investigating the
performance characteristics of a gradient coil of a certain
design before it is built.
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